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PHOTON ABSORPTION AND W I T T I O N  OF NONEQUILIBRITJM 

PLASMA'OF FINITE VOLUME I N  LINES WITH DOPPLER BROADENING 

M. B. Chelnokov 

ABSTRACT. This paper examines t h e  absorption of photbns 
i n  a plasma of f i n i t e  volume f o r  the s p h e r i c a l  geometry model. 
The r a d i a t i o n  of a plasma'confined i n  a ' c y l i n d r i c a l  volume is 
obtained i n  t h e  two-hemisphere approximation. 

\ 

L e t  us consider t h e  absorption of photons which are rad ia t ed  f o r  a given 

spontaneous t r a n s i t i o n .  Considering t h e  model of a homogeneous plasma confined 

i n  a s p h e r i c a l  voiume of rad ius  R, w e  t ake  t h e  c e n t r a l  po in t  of t h i s  volume as'. 

t h e  c h a r a c t e r i s t i c  po in t  and f i n d  the  absorption a t  t h i s  point.  

quanta of frequency v a r r i v i n g  at  t h e  poin t  from t h e l e n t i r e  volume is 

The number of 

where V is t h e  volume, r is  t h e  d i s t ance  from t h e  po in t  at  which t h e  quantum 

o r ig ina ted  t o  t h e  po in t  i n  ques t ion ,  Pv is t h e  emitted r a d i a t i o n  spectrum ( i n  

number of quanta), kv is t h e  a b s o r p t i o n ' c c k f f i c i e n t  of photons of t h e  given f r e -  

quency v. 

/54* 
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I n  (1) w e  consider the c o e f f i c i e n t  k t o  be constant throughout t h e  volume. 

Otherwise, we would have t o  w r i t e  exp  (-fCvr) i n  p lace  of exp (- .f K, (x,  y ,  2 )  d.). 

A t  a l l  frequencies of a given broadened l i n e ,  pe r  u n i t  volume i n  t h e  region of 

t h e  given poin t  t h e r e  is absorbed 

V r 

0 

. .  

* 
Numbers i n  t h e  margins i n d i c a t e  pagination i n  t h e  o r i g i n a l  fore ign  t e x t .  ' 
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Writing (2) i n  t h e  s p h e r i c a l  coordinate system and performing the integra- 

t i o n  over the space v a r i a b l e s ,  w e  f i n d  

L e t  us examine i n  more d e t a i l  t h e  frequency c h a r a c t e r i s t i c s  k, and P, which 

, appear here.  We have f o r  t h e  absorption c o e f f i c i e n t  11, 21 

where 1.1 i s  the molecular weight, c t h e  speed of l i g h t ,  R* t h e  un ive r sa l  gas /55 
constant,  T t h e  gas temperature, q t h e  e l ec t ron  charge, m t h e  e l e c t r o n  mass, 

f t h e  o s c i l l a t o r  fo rce ,  N t h e  level concentration, and g the s ta t is t ical  weight. 

The subsc r ip t  B refers t o  r a d i a t i n g  levels, t h e  subsc r ip t  H r e f e r s  t o  t h e  

absorbing levels, 0 refers t o  t h e  center  of t h e  l i n e .  

I n  (5) t h e  f a c t o r  (i -E$) accounts f o r  t h e  induced r ad ia t ion ,  which 

can be  considered as a n ' e f f e c t  which reduces t h e  absorption. We have f o r  P, 113 

, P,'= P, exp [--EL 2R:':T (?/I . 

L e t  us f i n d  Po (expressed i n  numbers of quanta).  

quanta i s  NBA, where A i s  t h e  spontaneous t r a n s i t i o n  p robab i l i t y .  

The t o t a l  number of r ad ia t ed  

Then 
' ,  8 IexP[---  . pc2 ( 

0 
2R RT ~ o v o  )'I dv = N J .  - 

(7) 

L e t  us c a l c u l a t e  t h e  i n t e g r a l  i n  (7). Following [ l ] , w e  make t h e  change of 
' -  

var i ab le s  

- . . . 
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L e t  

de r  

us consider t h e  l i m i t s .  For v = + 03 o =-+ 00.2 For v = 0,  w e  have 

ng t h a t  t h i s  quan t i ty  may be equated t o  -03, w e  obta in  t h e  i n t e g r a l  

Jexp(-uwS)dw, but t h i s  i s  t h e  Poisson i n t e g r a l ,  equal t o  & ( see ,  f o r  

~ However, t h i s  
-m 

'O C -i- P 
2kRgT example, [ 3 ] ) .  Thus, the i n t e g r a l  i n  (7) is  

de r iva t ion  i s  r e a l l y  i n c o r r e c t ,  s i n c e  w e  have no c r i t e r i o n  t o  be used f o r  

P equating C 1/ 2 ~ " ~ z  10' t o  i n f i n i t y ,  and i n  t h i s  connection t h e  ca l cu la t ed  

va lue  of t h e  i n t e g r a l  cannot be considered r e l i a b l e .  Therefore, w e  s h a l l  exa- 

mine another der iva t ion .  Replacing 

i n  (7) equals 

v - Yo 

YO 
by x, w e  f i n d  t h a t  t h e  i n t e g r a l  

s ince  f o r  v = QD x = w, and f o r  v = 0 x = -1. 

two i n t e g r a l s ,  w r i t i n g  i t  i n  t h e  form 

This i n t e g r a l  may be  s p l i t  i n t o  

/56 Since t h e  integrand i n  t h e  Poisson i n t e g r a l  is  symmetrical, t h e  f i r s t  

i n t e g r a l  he re  is -- . The second i n t e g r a l  is  expressed i n  terms 

of t h e  p robab i l i t y  i n t e g r a l  @ [ 4 ] :  

- _  

1 Vrl 2aR"T 
2 c  P 

- -- _ _  
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r- We have already noted t h a t  
c &+ '100. 

. -  - 
, I  8 

-7 The p robab i l i t y  i n t e g r a l  equals one t o  wi th in  10 ' fbr  an argument equal 

t o  f i v e ,  and with , increase  of t h e  argument t h i S  prEcision increases  even more 

-, Then w e  sharply (see,  fo; example, [5]). Thus '(8) equals - VO 
2 * p T  

C t.' 
f i n d  -from (7) 

I .  

W e  no te  t h a t  we s h a l l  have need f o r  a comparison of t h e  two methods of cal- , 

cu la t ing  t h e  i n t e g r a l  i n  (7 )  i n  our later arguments. L e t  us r e t u r n  t o  ( 3 ) .  

Subs t i t u t ing  ( 4 ) ,  ( 6 ) ,  and (9) i n t o  ( 3 ) ,  w e  obta in  f o r  t h e  photon absorption 

remembering t h a t  h e r e  k is  detined by (5). We in t roduce  i n t o  (10) t h e  v a r i a b l e  0 L 

\ 

Then t h e  previously mentioned ques t ion  of ' , the  l i m i t s  arises, namely: f o r  

7 T *  TRTT%- lo0 can w e  assume approximately t h a t  t h i s  quan t i ty  

,equals minus i n f i n i t y ?  The cor rec tness  of t h i s  assumption has been proved f o r  

t h e  i n t e g r a l  i n  ( 7 ) ,  based on t h e  f a c t  t h a t  a rigorous ana lys i s  leads  t o  t h e  

same r e s u l t  as t h e  de r iva t ion  using t h i s  assumption. 

grands i n  (7) and (LO) a f t e r  introducing t h e r e i n  t h e  v a r i a b l e  w. I n  (7 )  we 

have t h e  i n t e g r a l  Jexp(--*)dw, a B while i n  (10) w e  have 

' 

L e t  us compare t h e  in t e -  

, 
. *  

-0c 

(For t h e  moment, we leave t h e  questions of t h e  l i m i t  open.) We note  t h a t  t h e  ," 

integrands are symmetric i n  both cases, 

4 

The integ,rand of (10) is t h a t  of (7) /57 



mult ip l ied  by t h e  d i f f e rence  between un i ty  and the  exponent. - Since the  la t ter  

is  always negat ive ,  t h e  f a c t o r  i n  t h e  braces i s  always less than one and, con- 

sequently,  t h e  integrand i n  (10) i s  always less than t h a t r i n  ( 7 ) .  
t h e  cor rec tness  of ,  t h e  replacement of -10 by -+n t h e  l i m i t  f o r  (7) l eads  t o  

t h e  cor rec tness  of * t h e  same replacement i n  (10). " Thug (10) may b e  transformed 

t o  t h e  form 

Therefore, 
6 

P ? .  

The SoJlowing, func t ion  w a s  .introduced and tabula ted  i n  [6] ( see  a l s o  [7 ] )  

c o .  

, (12) f ( t )  = 1 f e x p  (- Cu2)'exp [- E ~ X P  ( - ~ + ) 1  dw 
. 

-Do 

Bearing i n  mind t h a t  t h e  f i r s t  i n t e g r a l  i n  (11) ( a f t e r  removing t h e  brack- 

, 

I 

e t s )  is  t h e  Poisson i n t e g r a l ,  equal t o  16, w e  see t h a t  i f  w e  introduce t h e  
func t ion  (12), then  (11) takes  t h e  form 

.. 

where 

a 

' E  = R G ~ .  

'* Since the  absorption c o e f f i c i e n t  can be expressed i n  terms of t h e  photon . 
absorption c ross  s e c t i o n  Gabs and t h e  concentration NH of t h e  absorbing atoms, 

, .  

namely: k = CrabsNH, w e  have 

and t h e  c ross  s e c t i o n  is  

Since a tabula ted  func t ion  appears i n  (13), t h i s  expression is  not always con- 

venien t  f o r  use i n  p r a c t i c e ,  f o r  ins tance ,  when (13) must be introduced inco 

t h e  equations, and they must then be  solved f o r  t h e  unknowns which appear i n  4 



, .  

f ( 5 ) .  Therefore, w e  make an approximation o f s f ( & ) .  We found t h a t  f o r  5 0 

t h e  approximation has t h e  form I '  . . *  

& 

t o  wi th in  10% (with t h e  exception of t h e  i n t e rva l  0.12 5 
accuracy d e t e r i o r a t e s  t o  55%). ( I f  5 21, the approximation f ( 5 )  = 0.505 

is v a l i d  t o  wi th in  2%; however, t h e  condition 5 2 1 is not  always known a p r i o r i  

and is  not always s a t i s f i e d . )  

2.5, where t h e  
-1.10 

\ I. \ 

Thus, t h e  following expression is  v a l i d  f o r  t h e  number of photon absorption 

events of t h e  given spontaneous t r a n s i t i o n  pe r  u n i t  volume per  u n i t  t i m e  near  

t h e  c e n t r a l  po in t  of t h e  homogeneous s p h e r i c a l  plasma volume 

where aOabs may be  found from (15). 

L e t  us consider t h e  l i n e  r\adiation of a homogeneous plasma confined i n  a /58 
c y l i n d r i c a l  volume of rad ius  R and length 1. 
approximation [ 8 ] .  I n  t h i s  approximation, i t  i s  considered t h a t  a t  a poin t  lo -  

We use t h e  Biberman two-hemisphere 

ca ted  at t h e  d i s t ance  x from t h e  cen te r  of an i n f i n i t e l y  long volume of rad ius  

R t h e  r ad ia t ion  comes from two hemispheres - one with rad ius  R f x, t h e  o the r  

with rad ius  R - x. I f  photons from t h e  hemisphere arrive at  the  po in t ,  then i n  

accordance with (17) t h e  following number of photons i s  absorbed pe r  u n i t  volume 

pe r  u n i t  t i m e  
I 

where 

and r is  t h e  rad ius  of t h e  given hemisphere. 

6 
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Then t h e  following number of photons is  absorbed i n  an elementary annular 

cy l inder  of l ength  1 per unit t i m e  b ,  a 

, 

?. < . - ___ 
t - 1  - 

1,940 [C, ( R  + 4) + 0,5481 l*Og5 

I n  order t o  f i n d  t h e  absorption throughout t h e  e n t i r e  volume, w e  must i n t e -  

g r a t e  t h i s  expression i n  t h e  l i m i t s  from 0 t o  R. The t o t a l  r a d i a t i o n  from t h e  

e n t i r e  volume 
\ 

without absorption i s  r 

,. 

I n  order 

. '. 

t o  ob ta in  t h e  plasma r a d i a t i o n  energy Q ,  w e  must s u b t r a c t  from 

t h e  photon r a d i a t i o n  t h e  photon absorption, multiply by t h e i r  energy hv (h is  

the  Planck constafit), and f i r s t  sum over' a l l  t h e  lower levels which combine 

with t h e  given upper l eve l  and then s u m  t h e  r e s u l t i n g  expression over a l l  t h e  

upper levels 

., .. 

A s  a resu l t ,we  obta in  " 

+ ,  ( 2C2R + 0,548)0*ga - 2 (CJ? + 0,548)0@'5 + 0,580 
'*, 0,905 (19) 

'8 + 07548 [(zC,R + 0,548)-0@5 - 2 (C,R + 0,518)-0*w5 4- 1,060)) 
+ 0,095 

i 

t 

Usually i t  is  s u f f i c i e n t  i n  p r a c t i c e  t o  consider only a few lower t r a n s i -  

t i o n s .  This assumption i s  s a t i s f i e d  f o r  an i n f i n i t e l y  long cy l inder ,  and it  is  

reasonable f o r  use  i n  tbose  cases when 2R < 1. I n  t h e  case when 2 R  > 1, w e  can 

draw an analogous conclusion i n  t h e  two-hemisphere approximation f o r  an i n f i n i t e  

volume confined between two planes loca ted  at  t h e  d i s t ance  1 from one another. 

In t h i s  case, t h e  i n t e g r a t i o n  is  performed wi th  respec t  t o  the  1; coordinate. 

7 
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As a r e s u l t  of t h e  de r iva t ion ,  w e  ob ta in  1 
n 

where the  q u a n t i t i e s  C 

For comparable values of 2 R  and 1, i t  is reasonable t o  average these  two expres- 

s i o n s  as follows 

and C 1 2 are expressed j u s t  as i n  t h e  preceding der iva t ion .  /59 
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